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Generally strong charge and magnetic inhomogeneities are observed in NQR/NMR experiments
on underdoped cuprates. It is not the case for the underdoped HgBa2CuO4+δ, the most symmetric
and highest Tc single layer cuprate, whose magnetic inhomogeneity is strongly suppressed. Also
neutron scattering experiments reveal a unique pair of weakly dispersive magnetic modes in this
material. We propose that these special properties stem from the symmetric positioning of the
O-dopants between adjacent CuO2 layers that lead to a strong superexchange interaction between a
pair of hole spins. In this Letter we present a theoretical model, which gives a consistent explanation
to the anomalous magnetic properties of this material.
The single layer cuprate, HgBa2CuO4+δ (Hg1201), has
not only the most symmetric crystal structure and the
highest transition temperature, with a maximum value
of 97K, but it also displays marked deviations in key
properties from other single layer cuprate superconduc-
tors. NMR experiments on underdoped Hg1201 observe
the usual charge disorder, but the standard magnetic
disorder is not seen [1–4]. In addition, neutron scatter-
ing finds two finite energy local excitations not observed
elsewhere [5, 6]. Li et. al. [5, 6] interpreted these two
triplet modes as a fingerprint of circulating orbital cur-
rents within the CuO6 octahedra. However, this explana-
tion was not supported by recent NMR measurement on
Hg1201 [7], finding no static magnetic fields that would
accompany circulating orbital currents.
NMR experiments also show an absence of antifer-
romagnetic (AF) order in Hg1201 down to the lowest
hole densities estimated at ∼ 5% [1]. This value is
well below 10% predicted for the AF quantum critical
point (QCP) in an ideal underdoped CuO2 layers by both
theory [8] and experimental studies of multilayer Hg-
cuprates [9, 10]. Finally, although the O atom is strongly
electronegative and generally favors an ionic state, O2−,
a substantial fraction of the holes is not inserted into the
CuO2 planes and remain on the dopant site (Od) [11, 12].
Understanding the origin of these special features in the
most ideal cuprate is a highly relevant challenge to the-
ory. In this letter we take a closer look at the actual
crystal structure of Hg1201 and propose a consistent ex-
planation of all these anomalies.
In Hg1201 the O-dopants enter the Hg-layer, which is
symmetrically placed halfway between neighboring CuO2
layers. As a result the the loacal enhancement of the hole
density will be equal in the layers above and below Od.
This structure is clearly different from other single layer
cuprates, e.g. La2−xSrx CuO4, where the dopant injects
a single hole into a single nearby layer. A localized single
hole in a CuO2 layer generally is accompanied by a free
spin. RKKY-like coupling causes the magnetic disorder
at the nuclei observed in NMR experiments [1].
The more complex structure of the dopant O ion in
Hg1201 requires a more detailed investigation of the
charge distribution and accompanying spin distribution
around the dopant site. Diffuse neutron scattering ex-
periments by Jorgensen and coworkers [11] reported two
different sites for the O dopant (Od) in the Hg layer. At
higher densities Od is predominantly at the O(3) site,
which is symmetrically placed at the center of a square
of Hg ions. But at lower densities, Od chooses predomi-
nantly an asymmetric site, O(4), lying close to a single Hg
ion. In this case a single strong Hg-O(4) bond of ∼ 2Å in
length forms, whereas the larger Hg-O separation from
the O(3) site greatly weakens hybridization between the
planar 2p states of the O ions and the neighboring Hg
ions.
The electronic structure of the Od can be investi-
gated using first-principles LDA calculations for a pe-
riodic supercell containing a single Od. Supercell LDA
calculations for the symmetric O(3) site were carried
out by Ambrosch-Draxl et al.[13], found an essentially
ionic structure for this weakly hybridized Od but one
with only partial occupancy of the uppermost O-valence
states. These states overlap in energy with the upper-
most CuO2 layer states leading to a hole density which is
shared between the Od and the neighboring CuO2 layers.
As remarked above, a reduced hole concentration in the
layers is found experimentally [11, 12]. In the case of the
O(4) site, we have performed LDA calculations [14] for
a periodic 8-unit supercell containing one occupied O(4)
site. The local density of states (see Fig. 1), has a filled
bonding state below a partially filled anti-bonding state,
indicating that O(4) also has holes distributed between
the Od site in the Hg plane and sites in the nearby CuO2
planes, again in agreement with experiment.
We now turn to the analysis of the spin states and
magnetic properties resultant from these two possible
positions of Od. For this purpose we examine how the
spins of the holes moving in the adjacent CuO2 planes
are coupled via superexchange paths through the Od.
The suppressed magnetic inhomogeneity suggests that
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Figure 1. Projected DOS for δ=0.125 O(4) doping. Hg1 (Hg4)
is the nearest (furthest) Hg-ions to the O(4) impurity in the
central cell. Note the different scales in all three panels.
the two holes form a singlet ground state. In this case
the two weakly-dispersive magnetic modes in Hg1201 ob-
served with neutron scattering [5, 6] can be attributed
to the triplet excited states above such a ground state.
The analysis of spin correlations of dopant holes localised
around Od that we present below, supports such a sce-
nario especially for the O(4) dopant location.
We start our analysis by considering electrons moving
in the CuO2 planes. These are described by a 3-band
Hubbard model containing the O(1)-2px, 2py and Cu-
3dx2−y2 orbitals. Early on it was shown that this descrip-
tion can be reduced to a 1-band Hubbard model [15, 16]
H0 = −t
∑
nn
(c†i cj+h.c.)−t′
∑
nnn
(c†i cj+h.c.)+
∑
i
Uni↑ni↓
(1)
Typical parameters for a CuO2 plane were estimated by
Hybertsen et. al [16], who found values for nearest (nn)
and next-nearest (nnn) neighbor hoppings, t and t′ re-
spectively, and the onsite Hubbard repulsion U to be
t = 0.43 eV, t′/t = −0.16, U/t = 12.6 (2)
Note, however, that if we assume the attractive poten-
tial of the Od dopant confines the hole motion to a Cu4
plaquette, there are just 4 sites and the kinetic energy is
reduced. If we still take U/t = 12.6, we are too close to
the infinite U limit where a Nagaoka effect applies, lead-
ing to a high spin S=3/2 groundstate[17] for 3 electrons
on a Cu4 plaquette . However, a more physical low spin
value can be obtained by using a smaller value, U/t = 6.0
giving a ground state with S = 1/2. This is the sim-
plest model to describe both charge and magnetic inho-
mogeneities similar to that of a hole localized in the CuO2
plane around a Sr2+ dopant in La2xSrxCuO4 [1, 18].
Next we model the superexchange path coupling the
spins of a pair of holes in Cu4 plaquettes above and be-
low a Od dopant. The hopping of the holes from the
planes to the Od site leads to a superexchange interac-
tion. The smallest local model to describe this behav-
ior is a Cu4O4-Od-Cu4O4 cluster using a 1-band Hub-
bard model to describe each Cu4O4 plaquette. The O(4)
dopant state is then approximated by solving a small
cluster containing the 2×4-plaquette states and the an-
tibonding Hg-O state, to give a total of 9 states with 8
electrons. To represent the symmetric O(3) dopant we in-
clude the pair of orthogonal active O-2p, making a cluster
with 10 states and 10 electrons. In each case the clus-
ter is small enough that it can be easily diagonalised.Our
aim is put forward a qualitative explanation of the special
properties of Hg1201 listed above, rather than to attempt
a numerically accurate description, which would require
larger clusters.
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Figure 2. The superexchange paths for holes from oxygen
defect onto the planar Cu sites: (a) O(4): Holes in the Hg
plane enter the antibonding Hg1-O(4) state (b) O(3): Holes
enter the 2p-O(3) states weakly hybridised with (Hg1-Hg3)
and (Hg2-Hg4)
We begin with the Od sitting on the O(4) site, dis-
placed towards Hg1 along the diagonal as shown in Fig. 2
(a). It forms a Hg1-O(4) bond and only the anti-bonding
state is relevant. An electron can hop from this anti-
bonding state to the O(2) ions (apical oxygen) below and
above the Hg plane. Since pz orbital on O(2) is orthog-
onal to the 3dx2−y2 on nn Cu1 and Cu1′, an electron
cannot directly hop onto these sites, but it can hop onto
their higher energy 4s orbital and then to 2px and 2py on
the neighboring O(1) planar O-ions. The superexchange
paths from O(4) defect to the planar Cu4 plaquettes are
3O(4) Hg1−−→(Cu2, Cu4, Cu2′, Cu4′) with
HO(4)-Cu = −t′′
∑
O→i
(c†iσcOσ + h.c.), (3)
where cOσ is the electron operator on O(4) defect site
and O→ i denotes the paths O(4) Hg1−−→(Cu2, Cu4, Cu2′,
Cu4′) labeled with dashed red arrows in Fig. 2 (a). The
potential and interaction terms on O(4) defect are writ-
ten as
HO4 = p
∑
σ
c†OσcOσ + UpnO↑nO↓, (4)
where p stands for the energy of the antibonding state.
We fix the hopping amplitude into the anti bonding Hg-O
state and its on-site repulsive interaction as
t′′/t = 0.5, Up/t = 1, (5)
and tune the oxygen energy position p to control the hole
occupation in the CuO2 plane. The total Hamiltonian for
the cluster is now obtained by combining the Hubbard
term Eq. (1) with the dopant-associated terms Eqs. (3-
4).
After diagonalizing the Hamiltonian, for small values
of p the O(4) site is found to be almost fully filled by
electrons and two holes are almost completely injected
into the nearby Cu4 plaquettes as illustrated in Fig. 3.
The system can be approximated as two weakly coupled
S = 1/2 states, resulting in nearly degenerate singlet and
triplet states. In this case, the dopant induced charge
and magnetic inhomogeneities are similar. With increas-
ing p, the occupation of holes in the CuO2 planes de-
creases and only a smaller fraction of the holes are in-
jected into the planar sites, as found by Jorgensen and
collaborators[11]. Such behavior is also confirmed in our
LDA calculations (see Fig.1). In this case the spin cor-
relations of the two holes increase due to the stronger
superexchange path via the O(4) defect.
The p-dependent occupation of holes in the twin Cu4
plaquettes is shown in Fig. 3. The hole occupation dra-
matically changes around p/t = 0.3 implying a level
crossing in the ground state. The p-dependent energy
levels are shown in Fig. 4 (a). When p/t ≥ 0.4, the
singlet turns out to be the ground state and the low-
est excited states are triplets. The two lower triplets
start to separate from the higher energy levels. At
p/t = 0.6, our parameter set gives the hole occupation
in the CuO2 planes as 0.44 hole per oxygen defect and
the two triplets have the energy 39 meV and 46 meV
when t = 0.43 eV. The two triplet modes differ in local
spin correlations. The lower triplet has the spin corre-
lation, 〈SCu2 · SCu2′〉 = −0.0354, and the upper one has
the correlation, 〈SCu2 · SCu2′〉 = 0.0970.
As noted earlier, when doping level increases, the O(3)
site occupation starts dominating in Hg1201 [11]. Since
the O(3) site is at the center of the Hg square, the
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Figure 3. Occupation of holes in the CuO2 plane for the O(4)
defect in Hg1201 as a function of the antibonding state energy
p.
main difference between the O(4) and O(3) positions
is that the latter has two relevant 2p orbitals. In this
case there are two different types of electron superex-
change paths: O(3)
(Hg1, Hg3)−−−−−−−→(Cu2, Cu4, Cu2′, Cu4′)
and O3
(Hg2, Hg4)−−−−−−−→(Cu1, Cu3, Cu1′, Cu3′)
HO3-Cu = −t′′
∑
O→i
(c†iσcO1σ + c
†
iσcO2σ +H.C.) (6)
where O → i denotes O(3) (Hg1, Hg3)−−−−−−−→(Cu2, Cu4, Cu2′,
Cu4′) and O3
(Hg2, Hg4)−−−−−−−→(Cu1, Cu3, Cu1′, Cu3′) labeled
as the red and brown dashed arrows, respectively, in Fig.
2 (b). cO1,2 are the electron operators of the two states
on O(3) defects.
Since there are two relevant orthogonal states, Hund’s
rule interaction is relevant on the O(3) defect
HO3 = p
∑
σ
(c†O1σcO1σ + c
†
O2pyσcO2σ)
+ Up(nO1↑nO1↓ + nO2↑nO2↓) + U ′pnO1nO2
− JHSO1 · SO2 (7)
where Up and U ′p are for the intraband and interband
interaction and JH is the Hund’s rule interaction. We fix
the parameters as
t′′/t = 0.5, Up/t = 1, Up′/t = 1, p/t = −1, (8)
and tune the Hund’s rule interaction JH . The total
Hamiltonian for the O(3)-dopant is given by a sum of
H0 of Eq. (1) and the two terms Eqs. (6-7).
The JH -dependent energy spectrum for holes around
the O(3) defect is shown in Fig. 4 (b). For a small value
of JH the ground state is a singlet. With increasing JH/t,
4the triplet state decreases in energy and eventually be-
comes a ground state at JH/t ≥ 3.5. At JH/t = 4, there
are 1.87 holes on the O(3) defect in the triplet ground
state. The spin correlation is 〈SO1 · SO2〉 = 0.208 imply-
ing the parallel alignment of the spins of holes on O(3) de-
fect as expected according to the standard Goodenough-
Kanamori rule. Note, LDA calculations for the O(3)
site in Hg1201 [13] and for the same site in the 3-layer
Hg1223 [19] give a substantial fraction of the doped holes
on the site at strong overdoping.
We conclude that in Hg1201 the position of the diva-
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Figure 4. (a) O(4) dopant site: p-dependent low energy levels
for O(4) defects in the Cu4-O-Cu4 cluster. (b) O(3) dopant
site: JH -dependence of the energy levels for O(3) defect with
the parameter set in Eq. (8). A solid red circle denotes a
singlet state, a solid blue square a triplet and a solid green
star a spin-S = 2 state. The energy of the reference singlet
state is shown in the inset.
lent Od site, situated in the Hg-layer halfway between
two CuO2 layers, strongly changes the magnetic and
spin properties relative to the standard case of a singly
charged dopant next to a single CuO2 layer. Our analy-
sis shows that at underdoping, when the oxygen defect is
mainly at the asymmetric O(4) site, the superexchange
interaction between dopant holes through the O(4) de-
fect leads to a singlet ground state. This gives a natu-
ral explanation of the striking difference of charge and
magnetic inhomogeneities in the NMR experiments in
Hg1201 [1–4]. Above the singlet ground state, there are
two triplet excited states, which can be characterized by
the different local spin correlations between the nearby
CuO2 planes. The numerical result from the small clus-
ter however underestimates the non-local effects such as
the effect of finite hole concentrations in the CuO2 planes.
With the parameter values we have chosen, there are two
triplet modes with excitation energies 39 meV and 46
meV. These energies are of the same order as the values
measured in the neutron scattering experiments [5, 6].
Lastly, we note that the weak spin disorder and high
symmetry in Hg1201 makes it a specially interesting
cuprate for neutron investigation of low energy spectrum
of the magnetic excitations in the underdoped pseudo-
gap state. In particular, the low energy spectrum should
not be contaminated by the low energy free local spins
associated with localized single planar holes. The NMR
experiments also did not find any antiferromagnetic or-
der down to a doping of ∼ 5%. This doping is well below
the QCP for the onset of coexisting superconducting and
AF order in an ideal single layer, deduced from NMR
experiments on the multilayer Hg-cuprates [8–10]. It is
worth remarking that the suppression of the AF QCP
to very low hole densities (less than 5%) in Hg1201 does
not weaken superconductivity, which shows a Tc = 50K
at 5% density [1]. This observation would seem to ques-
tion proposals that proximity to the AF QCP acts to
stabilise superconductivity. Rather it favors singlet pair
correlations as a key factor.
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